Abstract. We construct symplectic and Kähler ray reduced spaces and discuss their relation with the Marsden-Weinstein (point) reduction. This Kähler reduction is well defined even when the momentum value is not totally isotropic. The compatibility of the ray reduction with the cone construction and the Boothby-Wang fibration is presented. Using the compatibility with the cone construction we provide the exact description of ray quotients of cotangent bundles. Some applications of the ray reduction to the study of conformal Hamiltonian systems are described. We also give necessary and sufficient conditions for the (ray) quotients of Kähler (Sasakian)-Einstein manifolds to be again Kähler (Sasakian)-Einstein. In this paper we study geometric properties of Sasakian and Kähler quotients. For manifolds endowed with a Lie group G of symmetries, we construct a reduction procedure for symplectic and Kähler manifolds using the ray pre-images of the associated momentum map J. More precisely, instead of taking as in point reduction (Weinstein-Marsden reduce spaces, usually denoted by M µ ), the pre-image of a momentum value µ, we take the pre-image of R + µ, the positive ray of µ. And instead of taking the quotient with respect to the isotropy group G µ of the momentum with respect to the coadjoint action of G, we take it with respect to the kernel group of µ, a normal subgroup of G µ . The ray reduced spaces will be denoted by M R + µ . We have three reasons to develop this construction. Date: 16-03-08. 1991 Mathematics Subject Classification. 53D05, 53D10, 53D20, 53C25, 37J05, 37J15. Key words and phrases. symplectic (Kähler) manifolds, contact (Sasakian) manifolds, symplectic (Kähler) ray reduction, Kähler and Sasakian-Einstein quotients, conformal Hamiltonian systems, momentum map.
Introduction
In this paper we study geometric properties of Sasakian and Kähler quotients. For manifolds endowed with a Lie group G of symmetries, we construct a reduction procedure for symplectic and Kähler manifolds using the ray pre-images of the associated momentum map J. More precisely, instead of taking as in point reduction (Weinstein-Marsden reduce spaces, usually denoted by M µ ), the pre-image of a momentum value µ, we take the pre-image of R + µ, the positive ray of µ. And instead of taking the quotient with respect to the isotropy group G µ of the momentum with respect to the coadjoint action of G, we take it with respect to the kernel group of µ, a normal subgroup of G µ . The ray reduced spaces will be denoted by M R + µ . We have three reasons to develop this construction.
bundles of Lie groups, as well as the reduction of their associated cosphere bundles. We show, proving a shifting type theorem that, theoretically, (T * G) R + µ and (S * G) R + µ are universal ray reduced spaces. The role of the coadjoint orbit of the ray momentum R + µ in the construction of these universal reduced spaces is made clear. In the last section we find necessary and sufficient conditions for the ray reduced space of a Kähler-Einstein manifold of positive Ricci curvature to be again Kähler-Einstein. Using the compatibility of ray reduction with the Boothby-Wang fibration, we obtain as a corollary similar conditions for the Sasakian-Einstein case. All these are illustrated with concrete examples in which we construct new Kähler (Sasakian)-Einstein manifolds.
Symplectic and Kähler Ray-Reductions
Let G be a Lie group acting smoothly, properly, by symplectomorphisms and in a Hamiltonian way on a symplectic manifold (M, ω). Denote by J : M → g * the associated momentum map and recall that it is G-equivariant. For any element µ ∈ g * , let K µ be the unique connected, normal Lie subgroup of G µ with Lie algebra given by k µ = ker (µ| gµ ). This group is called the kernel group of µ. Definition 2.1. We define the quotient of M by G at R + µ to be M R + µ := J −1 (R + µ)/K µ . M R + µ will be called the ray reduced space at µ.
In a paper of Guillemin and Sternebrg ( [14] , Example 4) we found a geometric interpretation for the kernel algebra of µ. Let O R + µ be the cone of the coadjoint orbit through µ defined by ( 
2.1)
O R + µ := {Ad * g −1 rµ | g ∈ G , r ∈ R + }.
The conormal space at µ of O R + µ is precisely k µ . This can be easily deduced using the characterization of the tangent space at µ of O R + µ given in Proposition 5.3. In this section we will show that, under certain hypothesis, the ray quotient admits a natural symplectic or Kähler structure, once the initial manifold is symplectic or Kähler. The proof of the next theorem is an analogous of the proof given in [36] for the contact case (see Theorem 1) . As all reduction theorems, it mainly uses arguments in linear symplectic or contact algebra.
For the two results of this section we will need three lemmas. The first is a characterization of a locally free action and the last two are classical results of symplectic linear algebra.
J : M → g * the associated momentum map and assume that the following hypothesis are verified: 1 • K µ acts properly on J −1 (R + µ); 1
• J is transverse to R + µ; 3
• g = ker µ + g µ . Then the ray quotient at µ M R + µ := J −1 (R + µ)/K µ is a naturally symplectic orbifold, i.e. its symplectic structure ω R + µ is given by π * R + µ ω R + µ = i * R + µ ω, where
are the canonical projection and immersion respectively.
Proof. The transversality of the momentum map with respect to R + µ, ensures that J −1 (R + µ) is a submanifold of M . Lemma 2.1 implies that the quotient M R + µ is an orbifold and that π R + µ is a surjective submersion in the category of orbifolds.
The first step is to see that the restriction of the symplectic form on J −1 (R + µ) is projectable on the quotient M R + µ . For any ξ ∈ k µ and any x in M , we have that
Hence, {ξ J −1 (R + µ) | ξ ∈ k µ } ⊂ ker(T π R + µ ). A count of dimensions shows that, in fact, the vertical distribution of π R + µ is generated by all the infinitesimal isometries associated to the elements of k µ . Since ω | J −1 (R + µ) = i * R + µ ω is K µ -invariant, it follows that its Lie derivative with respect to all vector fields {ξ J −1 (R + µ) | ξ ∈ k µ } is zero. Let x ∈ J −1 (R + µ) with J(x) = rµ and v ∈ T x (J −1 (R + µ)). Then, identifying T J(x) R + µ with Rµ, we obtain ω(i R + µ (x))(ξ M (x), T x i R + µ v) = T i R + µ (x) J | J −1 (R + µ) (v)(ξ) = i * R + µ (T J | J −1 (R + µ) )(v)(ξ) = µ(ξ) = 0. It follows that i * R + µ ω is a basic two-form which projects on M R + µ to the closed form ω R + µ ∈ Λ 2 (T * M µ ) with the property that π * R + µ ω R + µ = i * R + µ ω. Since ω R + µ is a closed form, it remains to prove that it is also non-degenerate. For this, we will show that T x (K µ · x) = ker(i * R + µ ω)(x), for any x ∈ J −1 (R + µ). Fix x ∈ J −1 (R + µ) with J(x) = tµ and denote by Ψ : M → k * µ the momentum map associated to the action of the kernel group of µ on M . Let i T : g * ֒→ k * µ be the canonical inclusion. Then, Ψ = i T • J and J −1 (R + µ) ⊂ J −1 (k • µ ) = Ψ −1 (0). Notice that J −1 (R + µ) ∩ G · x = G R + µ · x, where G R + µ = {g ∈ G | Ad * g µ = rµ, r > 0} is the ray isotropy group of µ. This Lie group has many interesting properties for which we refer the reader to Section 5.
For any v ∈ (T x (K µ · x)) ωx , ω x (v, ξ M (x)) = 0, ∀ξ ∈ k µ if and only if
. We can assume U to be a submanifold of M because the transversality condition satisfied by the momentum map implies that K µ acts locally freely at least on a neighborhood of J −1 (R + µ) in U , if not on the whole U .
Since g = ker µ + g µ , we can chose a decomposition
For any ξ ∈ m and η ∈ k µ , the equivariance of the momentum map implies that
It is easy to see that
is a linear isomorphism and, hence,
Notice that equation (2.4), the third hypothesis of the theorem which can equivalently be expressed as {0} = (ker µ)
, and the fact that
A simple dimension calculus shows that m M (x) and T x J −1 (R + µ) are complementary subspaces of T x U . We have also seen that they are perpendicular with respect to ω x | TxU . Using relation (2.2), we can now apply Lemma 2.3 for V := T x M , W := m M (x), and X := T x J −1 (R + µ). Thus, we obtain that ker
. This shows that ω R + µ is a nondegenerate form, completing thus our proof.
Notice that in the case µ = 0 we recover the reduced symplectic space at zero. Without the hypothesis that K µ acts properly on J −1 (R + µ), the quotient M R + µ may not be Hausdorff. As the Lemma 2.1 proves, the second hypothesis of this theorem ensures that M R + µ is an orbifold. If µ is non-zero and the kernel and isotropy groups of µ coincide, then the quotient may fail to be symplectic. This always happens when the coadjoint orbit of µ is nilpotent (i.e. O µ = O R + µ ). As an example, consider the cotangnet lift of the action of SL(2, R) on itself by left translations. Identifying T * (SL(2, R)) with SL(2, R) × sl(2, R) * and taking as
Except the last one, all the hypothesis of Theorem 2.1 are fulfilled. Since the cotangent action is free, 
In the symplectic point reduction, the reduced spaces of exact manifolds are not always exact. This is, however true, only if one performs reduction at zero momentum. Recall, for instance, that coadjoint orbits which are point reduced spaces are not necessarily exact symplectic manifolds. A counter example may be found in [23] , Example (a) of Section 14.5. Surprisingly, ray quotients of exact symplectic manifolds are exact for any momentum.
Corollary 2.2. In the hypothesis of Theorem 2.1, if (M, ω) = (M, −dθ) with θ a K µ -invariant one form, then the ray quotient will also be exact.
Proof. We want to show that i * R + µ θ is a basic form for the projection π R + µ :
A large class of examples can be obtained in the case when (M, ω) is the cotangent bundle of a manifold Q endowed with the canonical symplectic form ω 0 = −dθ 0 . We treat this case in Section 3, Corollary 3.1.
We will now extend this reduction procedure to the metric context, i.e. for Kähler manifolds. 
is proper and by isometries; 3
• J is transverse to R + µ. Then the ray quotient at µ
is a Kähler orbifold with respect to the projection of the metric g.
Proof.
From Theorem 2.1, we already know that (M R + µ , ω R + µ ) is a symplectic orbifold. It remains to show that the symplectic structure is also a Kähler one with corresponding metric given by the projection of g. The second hypothesis of the theorem ensures that (
Again, we will use a decomposition g = g µ ⊕ m, where µ | m = 0. Let Ψ : M → k * µ be the momentum map associated to the action of K µ on M and m M := {ξ M (x) | ξ ∈ M }. In the proof above we have already seen that (2.6)
for any x ∈ J −1 (R + µ). Let {ξ 1 , · · · ξ k } and {η 1 , · · · η m } be basis in k µ and m respectively, with m = dim m and k = dim k µ . Without loss of generality, we can assume that the infinitesimal isometries {ξ iM } i=1,k and {η jM } j=1,m are g-orthogonal.
Thus, {Jξ iM , Jη jM } i,j are linearly independent in each point of J −1 (R + µ). Even more, {Jξ iM , Jη jM } i,j belong to the normal fiber bundle of
for any V vector field on J −1 (R + µ). The next step is to show that {Jξ iM } i=1,k is a basis in the normal bundle of T Ψ −1 (0). Notice that
these vector fields form a basis of the normal fiber bundle to T U . Equation (2.6) implies that {Jξ iM , Jη jM } i,j form a basis of the normal bundle to
and the projection π R + µ becomes thus a Riemannian submersion. Obviously, the vertical distribution of this Riemannian submersion is given by
where H x is the horizontal distribution at x associated to the Riemannian submersion π µ . To see that (ω R + µ , g R + µ ) is an almost Kähler structure, we need to check that
Here, C R + µ denotes the projection of the complex structure C of ω. Since T x π µ is an isomorphism from the horizontal space at
, for all i = 1, k and j = 1, m. It follows that Cv is also a horizontal vector. To show that C R + µ is integrable we will evaluate the Nijenhuis tensor N R + µ . Thus,
where N is the Nijenhuis tensor of (ω, g). Thus, C R + µ is integrable and
Remark 2.1. Unfortunately, non zero Kähler regular point reduction is not canonical. As it is very well explained in [6] (see Exercise 3), the complex structure may not leave invariant the horizontal distribution of the Riemannian submersion given by the quotient projection (π µ : M → M µ ). Therefore it is not projectable on M µ . The solution proposed in the literature, is based on the Shifting Theorem (see Theorem 6.5.2 in [28] ). More precisely, one endows the coadjoint orbit of µ, O µ with a unique up to homotheties Kähler-Einstein metric of positive Ricci curvature. For the construction of this metric, see [21] , Chapter 8 in [2] , and [19] . This uniqueness modulo homotheties is guaranteed by the choice of an Ad * -invariant scalar product on g * . Then, one performs the zero reduction of the Kähler difference of the base manifold M and O µ . Unfortunately, this construction is correct only in the case of totally isotropic momentum (i.e. G µ = G). Otherwise, using the unique Kähler-Einstein form on the coadjoint orbit, instead of the Kostant-Kirillov-Souriau form makes impossible the use of the Shifting Theorem since the momentum map of the orbit will no longer be the inclusion. Even so, one could take by definition the reduced space at µ momentum to be the zero reduced space of the symplectic difference of M and O µ . But this reduced space is not canonical, in the sense that the pull-back through the quotient projection of the reduced Kähler structure is no longer the initial one. On the other hand, the ray Kähler reduction always exists and is canonical.
Cone and Boothby-Wang Compatibilities
Traditionally, Sasakian manifolds where defined via contact structures by adding a Riemannian metric with certain compatibility conditions. Definition 3.1. A Sasakian structure on an exact contact manifold (S, η, R) is a Riemannian metric g on S such that there is a (1, 1)-tensor field Φ witch verifies the following identities
for any vector fields X, Y .
A good reference for this point of view is the book of D. E. Blair, [3] . There are other equivalent definitions of a Sasakian manifold and in the following proposition we present four of them. The first one is most in the spirit of the original definition of Sasaki (see [31] ). The most geometric approach is highlighted in the second definition. It only uses the holonomy reduction of the associated cone metric and it was introduced by C. P. Boyer and K. Galicki in [5] . • there exists a unitary Killing vector field R on S so that the tensor field Φ of type (1, 1) , defined by Φ(X) = ∇ X R, satisfies the condition
for any pair of vector fields X and Y on S; • the holonomy group of the cone metric on S, (C(S), C(g)) := (S×R + , r 2 g +dr 2 ) reduces to a subgroup of U ( m+1 2 ). In particular, m = 2n + 1, for a n ≥ 1 and (C(S), C(g)) is Kähler;
• there exists a unitary Killing vector field R on S so that the Riemannian curvature satisfies the condition
for any pair of vector fields X and Y on S; • there exists a unitary Killing vector field R on S so that the sectional curvature of every section containing R equals one;
For the proof, see [5] . Example: Sasakian spheres. One of the simplest compact examples of Sasakian manifolds is the standard sphere S 2n+1 ⊂ C n with the metric induced by the flat one on C n . The characteristic Killing vector field (i.e. the associated Reeb vector field) is given by R(p) = −i − → p , i being the imaginary unit. The contact form is given by η :
,n are the canonical coordinates on the base space.
Recall that if (M, η) is a 2n+1-dimensional exact contact manifold, its symplectic cone is given by C(M ) := (M × R + , dr 2 ∧ η + r 2 dη) and M can be embedded in the cone as M × {1}. The cone of a Sasakian (S, g) manifold admits a canonical Kähler structure given by C(g) := r 2 g +dr 2 . If a Lie group G acts by contact isometries on S, then this action can be lifted to the Kähler cone as g · (x, r) := (g · x, r), for any g ∈ G and (x, r) ∈ C(S). This action commutes with the translations on the R + component and, in the Sasakian case, it is by holomorphic isometries. In the Sasakian case, we can also define a complex structure given as follows:
where R = r∂ r is the vector field generated by the 1-group of transformations ρ t : (x, r) → (x, tr) and ϕ := ∇ξ, with ∇ the Levi-Civita connection associated to g. It is easy to see that (S, η, g) is Einstein if and only if the cone metric C(g) is Ricci flat, i. e., (C(S), C(g)) is Calabi-Yau (i. e. Kähler Ricci-flat).
Let Φ : S → g * be the contact momentum map associated to the G-action on S. The lifted action on the cone is Hamiltonian and a corresponding equivariant symplectic momentum map is given by
Having established the above notations, we are ready to prove that reduction and the cone construction are commuting operations. Proof. Let K µ be the kernel group of µ, (S R + µ , η R + µ , g R + µ ) the corresponding contact reduced space, and C(S R + µ ) the reduced space for the lift of the action on the cone. Since the K µ -action commutes with homotheties on the R + component, there is a natural diffeomorphism between C(S R + µ ) and C(S) R + µ :
Using the commutativity of the diagram of Figure 1 , it is easy to see that Ψ is also a symplectomporphic isometry. Namely,
are the canonical inclusion and K µ -projections, respectivelly. 
Proof. Note that the symplectic cone of the cosphere bundle of Q is exactly T * Q \ {o T * Q }. Applying Theorems 3.1 and 3.2 in [9] , and the above lemma the conclusion of the Corollary follows.
Recall that a celebrated theorem of Boothby and Wang (see Section 3.3 in [3] ) states that if the contact manifold (M, η) is also compact and regular, then it admits a contact form whose Reeb vector field generates a free, effective S 1 -action on it. A contact structure is regular if it admits a regular Reeb vector field R, i.e. any point in M has a cubical neighborhood such that all the integral curves of R pass at most once through this neighborhood. Even more, M is the bundle space of a principal circle bundle π : M → N over a symplectic manifold of dimension 2n with symplectic form ω determining an integer cocycle. In this case, η is a connection form on the bundle π : M → N with curvature form dη = π * ω. N is actually the space of leaves of the characteristic foliation on M (i.e. the 1-dimesional foliation defined by the Reeb vector field of η). If M = S is a Sasakian manifold, then N becomes a Hodge manifold and the fibers of π are totally geodesic. This case was treated by Y. Hatakeyama in [15] . Even more, in [4] , Theorem 2.4 it was proved that S is Sasakian-Einstein if and only if N is Kähler-Einstein with scalar curvature 4n(n + 1) and that all the above still holds in the category of orbifolds if S is quasi-regular, i.e. all the leaves of the characteristic foliation are compact. 
Proof. Denote by η the contact form of the Boothby-Wang fibration and by R its Reeb vector field. Since [R, ξ S ] = 0 for any ξ ∈ g and G is connected, the action generated by the Reeb vector field commutes with the action of G. Hence there is a well defined action of G on N . Even more, this action is by symplectomorphisms. If J S : S → g * is the equivariant momentum map associated to the G-action on S, the induced application
is well defined for any x ∈ S. Indeed, if Φ t R is the flow of the Reeb vector field, we have
for any ξ ∈ g and any x ∈ S. This proves that J N is well defined. Using the fact that π * ω = dη, it is easy to see that J N is an equivariant momentum map associated to the G-action on N . We also have that π(J
is proper and by isometries. Therefore, the quotient space N R + µ is a well defined symplectic orbifold and the induced projectioñ π : S R + µ → N R + µ becomes a Boothby-Wang fibration.
Conformal Hamiltonian Vector Fields
In this section we will study the dynamical behavior of conformal Hamiltonian systems. This class of systems comprises mechanical, non autonomous systems with friction or Rayleigh dissipation. The definition of conformal Hamiltonian vector fields appeared for the first time in the work of McLachlan and Perlmutter, see [22] . In this section we will see that in the presence of symmetries the solutions of conformal Hamiltonian systems preserve the ray pre-images of the momentum map, but not the point pre-images used in the construction of the Marsden-Weinstein quotient. Therefore, the right tool for the study of symmetries of these systems is the ray reduction and not the point one. We will also enlarge the class of conformal Hamiltonian systems previously defined and we will complete their Lie-Poisson reduction with the general ray reduction.
Recall that the energy of autonomous Hamiltonian systems is conserved. If they are endowed with an appropriate symmetry group G, then they also obey an other conservation law. Namely, if H ∈ C ∞ (M ) is the G-invariant Hamiltonian, J : M → g * an associated equivariant momentum map, the pre-images {J −1 (µ)|µ ∈ g * } are invariant submanifolds of the Hamiltonian vector field. In symplectic geometry this conservation property is known as the Noether theorem and it states that if t → c(t) is a solution of the Hamiltonian system starting at the point x 0 with momentum J(x 0 ) = µ, then at any time t the solution will have the same momentum µ. In other words, the Hamiltonian flow leaves the connected components of J −1 (µ) invariant and commutes with the group action. Hence, it projects on M µ onto another Hamiltonian flow corresponding to the smooth function
is called the reduced Hamiltonian system. Of course, in this setup appropriate symmetries refer to a proper, free action which ensures the smoothness of the quotient M µ . This is a classical result of J. Marsden and A. Weinstein. For the proof and physical examples, see [24] and [25] .
However, in physics there are a lot of simple mechanical systems whose energy is not conserved, but dissipated. One class of such systems is the class of conformal Hamiltonians. In [22] and in the following paragraph we will briefly recall the definition and some of their properties. After, we will show how to extend the class of conformal Hamiltonian systems.
In this sction (M, ω = −dθ) will be an exact symplectic manifold. The vector field X 
where Z is the Liouville vector field defined by i Z ω = −θ. For the proof, see Proposition 1 in [22] . It was noticed by the authors of this article that, in the case of Lie group symmetries, the conformal Hamiltonian vector fields have a special behaviour with respect to the associated momentum map. Namely,
vector field for any real k and its flows preserves the ray pre-images of the associated momentum map as follows:
for any integral curve x of X k H and any time t. In other words, the motion is constrained to a ray of momentum values entirely determined by the initial momentum. Hence, the ray pre-images of the momentum map are invariant submanifolds for the conformal Hamiltonian vector fields. In the hypothesis of Proposition 4.1, with M the cotangent bundle of a Lie group G, the authors have performed the conformal Lie Poisson reduction and reconstruction of solutions for conformal Hamiltonian vector fields. However, they could not exploit the ray momentum conservation, nor perform a reduction which uses not only the group invariance, but also the ray-momentum one. Proposition 4.1 and Theorem 2.1, immediately suggest that the appropriate method of reduction for conformal Hamiltonian vector fields is the ray reduction constructed in Section 2.
But before passing to details, we want to show how to generalize the definition of conformal Hamiltonian vector fields in order to include in this study more physical systems. Let us first recall the example of Rayleigh systems. On the canonical symplectic manifold (R 2n , q, p, ω = dq ∧ dp) they are defined by 
for any integral curve x of X f H and any time t. Proof. Denote by φ the action of G on M . Then, for any g ∈ G we have
since f and H are G-invariant. On the other hand,
Since ω is non-degenerate, (4.2) and (4.3) imply that X f H is G-invariant. First recall that any exact symplectic manifold admits an equivariant momentum map given by J :
Hence, J ξ (x(t)) = e e R t 0 −f (x(s))ds J ξ (x(0)) for any ξ ∈ g and any time t.
Remark 4.3. Note that if θ, f , and H are K µ -invariant, with K µ the kernel group associated to µ ∈ g * , then the corresponding conformal Hamiltonian is also K µ -invariant. Even more, if the K µ -action is proper and free X 
• the vector field generated by the flow Φ
The vector fields X
• a point x ∈ M with momentum µ is a relative equilibrium of X 
• a point x ∈ M with momentum µ is a relative periodic point of X 
Consider the cotangent lift of the rotation action of S 1 × S 1 on R 2 * × R 2 * . The reason for restricting R 4 to (R 2 * × R 2 * ) is to have free symmetries. The action is also proper and H and f are S 1 × S 1 -invariant. Let µ := (0, 1), · be an element of (R × R) * , the dual of the Lie algebra of S 1 × S 1 . Then K µ = {e} × S 1 and k µ = {0} × R. The momentum map associated to the S 1 × S 1 -action is given by
The reduced Rayleigh system is given by
One can easily check that the only relative equilibrium points are given by q 1 = (0, 0), q 2 = (0, α), p 1 = (0, 0), p 2 = (−α, 0) with corresponding velocity ξ = (0, 1) ∈ g R + µ = R × R.
Ray Reductions of Cotangent and Cosphere Bundles of a Lie Group
In this section we will determine the ray reduced spaces for lifted actions on cotangent and cosphere bundles. We will show that these ray reduced spaces are universal in the sense that any (symplectic) contact (ray) reduced space can be recovered from the (ray) reduced space of a (cotangent) or cosphere bundle.
Let G denote a d-dimensional Lie group with Lie algebra g. G acts on itself by left translations. This action lifts canonically to an action on T * G which admits an equivariant and right invariant momentum map
). Similarly, for right translations we can construct the equivariant and left invariant momentum map
). Denote by O µ the coadjoint orbit of an element µ of g * and let O R+µ be its cone defined by (2.1).
Since for the ray-reduction the role of the coadjoint orbit will be played by a diagonal product of its cone and the quotient of G by the corresponding kernel group, we will now describe their manifold structure. We will see that, in general, O R+µ is an immersed smooth submanifold of g * .
Definition 5.1. Let G R + µ be the ray isotropy group of µ defined by G R + µ := {g ∈ G | Ad * g µ = r g µ, for a r g ∈ R + }.
Lemma 5.1. The ray isotropy group G R + µ is a closed Lie subgroup of G. Its Lie algebra is given by
Proof. We have the following sequence of subgroups G µ < G R + µ < G. To prove that the ray isotropy group is closed in G, suppose (g n ) n∈N is a convergent sequence in G R + µ with lim n→∞ g n = g ∈ G. Then lim n→∞ Ad * gn µ = ( lim n→∞ r gn )µ = Ad * g µ, for (r gn ) n∈N a convergent sequence of positive numbers. Since the coadjoint map is linear and µ = 0, lim n→∞ r gn is a strictly positive number and hence g ∈ G R + µ . Thus, the ray isotropy group is closed. To determine its Lie algebra, let first ξ be an element of g R + µ . We want to show that exp(tξ) belongs to G R + µ for arbitrary t ∈ R. Then
We have used the following formula
where
) and g(t), µ(t) are smooth curves in G and g * , respectively. It follows that Ad * exp tξ µ = e r ξ t µ and exp tξ ∈ G R + µ , for every real t. For the reverse inclusion, suppose ξ is an element of the Lie algebra of the ray isotropy group. Then we know that exp tξ ∈ G R + µ and Ad * exp tξ µ = r t µ with r t a positive real number for every t ∈ R. Deriving at zero the above equality, we obtain that ad *
r t µ, completing thus the proof of this lemma.
Remark 5.1. As we saw in the proof of Theorem 2.1, if the Lie group G acts in a Hamiltonian way on the manifold M and this action admits an equivariant momentum map J : M → g * , then for every x ∈ J −1 (R + µ) we have that
Lemma 5.2. The ray isotropy group
This action is free and proper and, therefore, the twisted product G × G R + µ R + is well defined. Even more, the surjective map
Proof. Since it consists of direct calculations, we skip the proof of this Lemma.
Remark 5.2. Note that the above Lemma implies that the dimension of the cone coadjoint orbit at µ is given by dim
For technical reasons we need a precise description of the tangent space of the cone coadjoint orbit.
Lemma 5.3. Let O R + µ be the cone of the coadjoint orbit through µ ∈ g * . Then its tangent space at µ is given by
Proof. Consider the smooth curve in O R + µ given by µ(t) := Ad * exp(tξ) (e tr µ), where r is an arbitrary real number. Note that µ(0) = µ and
Let g = g R + µ ⊕ m R + µ be a splitting of g, and {ξ 1 , · · · ξ k }, {ξ k+1 , · · · ξ d } basis of g R + µ and m R + µ , respectively. It is easy to see that the set {ξ k+1 g * (µ), · · · , ξ d g * (µ), µ} forms a basis of A. And since dim({ξ k+1 g * (µ), Proof. The simplest way to see this is to notice that the ray coadjoint orbit of µ is actually the orbit through µ of the following action of
for any (g, r) ∈ G × R + and any µ ′ ∈ g * . Therefore, as any orbit it is an initial Poisson submanifold. Since the coadjoint action of G is proper, so is the action of G × R + . Therefore, O R + µ is a closed embedded submanifold of g * . Of course, one can easily verify that the smooth structure of O R + µ as orbit of the (G × R + )-action coincides with the one described in Lemma 5.2. Indeed, G × G R + µ R + and
are diffeomorphic manifolds.
Since the coadjoint action of G restricts to O R + µ , we have the following. Fix µ an element of g * . Notice that the Lie algebra of the kernel group of µ, k µ is closed in g µ . Let U be an open neighborhood of 0 in g such that the exponential map exp : U → exp(U ) is a diffeomorphism. Choose V ⊂ U a closed neighborhood of 0. Then exp(V ) ⊂ exp(U ) is a closed neighborhood of e. We want to show that exp(V ) ∩ K µ is closed in G. Thus, suppose (k n ) n∈N = (exp ξ n ) n∈N is a convergent sequence of exp(V ) ∩ K µ with (ξ n ) n∈N a sequence in V . Since exp −1 k n = ξ n for every n ∈ N, it follows that in fact ξ n ∈ k µ . Using the continuity of the exponential map and the fact that the kernel algebra is closed in g, we have that lim
A standard result of Lie theory (see, for instance, [10] ), Corollary 1.10.7) implies that the kernel group of µ is a closed regular Lie subgroup of G and the quotient G Kµ is a smooth manifold. Now we are ready to define the manifold which will play the role of the cotangent orbit for the ray reduction, namely the diagonal product of the cone coadjoint orbit and the quotient of G by the corresponding kernel group
Recall that given two surjective submersions π 1 :
} is a submanifold of M 1 × M 2 and its tangent space is given by
In particular, for
defined by π 1 (Ad * g rµ) :=ĝ and π 2 the canonical projection from
we obtain that
More precisely, we have that
for any (Ad * g rµ,ĝ) ∈ O R + µ . Hereξ G (ĝ) denotes the projection on 
In fact, as we will see from
is a well defined symplectic manifold. One could also prove this directly, but we prefer to skyp the computations and apply instead the ray reduction.
Theorem 5.1. Consider the cotangent lift of the action by left translations of a Lie group G on itself. For every µ ∈ g
* with ker µ + g µ = g, the ray reduced space
is well defined and symplectomorphic to the diagonal manifold
Proof. Since the cotangent lift of left translations is a free and proper action, if µ is an element of g * with ker µ + g µ = g the ray reduced space at µ, (
is well defined. J R is the momentum map defined by (5.1).
The momentum map associated to right translations (see (5.2)) induces the applicationJ R : (
To see thatJ R is well defined, fix an arbitrary k ∈ K µ . Then,
proving thus thatJ R is indeed well-defined. Since the kernel group of µ is a subgroup of its isotropy group,J R is also one to one. Surjectiveness is obvious and henceJ R is a bijection. Its inverse is given byJ
To prove thatJ R is smooth, and hence a diffeomorphism we will use the right
for any elements g ∈ G and r ∈ R + . It is obviously smooth and we want to show that it descends to a diffeomorphismF :
Let us first verify that it is a well defined map. For this, let (k, , r) ],ĝ). The equality of the second components implies that actually k belongs to the kernel group of µ. Then we obtain
Observe thatJ R •F is precisely the diffeomrophism of Lemma 5.2. Therefore,J R is also a diffeomorphism. Its inverse is given bȳ
and we can endow Diag O R + µ × G Kµ with the symplectic form ω
where X ξi is the vector field on T * G with flow given by
Then, using the fact that π * R + µ ω R + µ = i * R + µ (−dθ) and the above calculus, we obtain
This also implies that X ξi and ξ iG are π-related vector fields. And
Note that in the above calculation we have again used formula (5.3). Applying (5.5), it follows that
In particular, for g = e and r = 1 we have that
The first term in the above expression is precisely ω Ad * g rµ, gg
Here ξ is an arbitrary element of g. Then, we have
Therefore, ω
admits an equivariant momentum map
Proof. Let ξ be an element of g and denote by I
Then, for all ad *
On the other hand,
Equalities (5.6) and (5.7) imply that
" for all ξ ∈ g. Hence the proof of this proposition is complete.
Recall that the symplectic difference of two symplectic manifolds
are the canonical projections. If the Lie group G acts on both M 1 and M 2 such that these actions admit equivariant momentum maps (J i :
, then the diagonal action of G on the symplectic difference M 1 ⊖ M 2 admits an equivariant momentum map given by
The following theorem illustrates the theoretical importance of the diagonal product Diag O R + µ × G Kµ in the reduction procedure. Namely, any ray reduced space can be seen as the symplectic difference of the initial manifold and the diagonal product of the associated ray coadjoint orbit with the quotient of G by the kernel group. 
are the canonical projections. It is easy to check that in the hypothesis of Theorem 2.1, the 0-symplectic reduced space is well defined.
Let φ :
where [, ] andˆdenote the G and K µ -classes, respectively. This map is well defined. Indeed, let k be an element of the kernel group of µ.
. It follows that g ∈ K µ and gx 1 = x 2 . Hencex 1 =x 2 and [φ] is one-to-one. If [x, (Ad * g rµ,ĝ)] is an element of 
completing thus the proof of this theorem.
In the remaining of this section we will study the ray reduced spaces of the cosphere bundle of the Lie group G. Consider the action of the multiplicative group R + by dilatations on the fibers of
* G admits a canonical contact structure given by the kernel of any one form constructed as the pull-back of the Liouville form on T * G through a global section of the R + -principal bundle (π, R + , T * G \ {0 T * G }, S * G). Namely, for every global section σ : S * G → T * G \ {0 T * G } the one-form θ σ = σ * θ determines the same contact structure. Note that π *
+ is a smooth function with the property that f σ (rα g ) = 1 r f σ(α g ) for any r ∈ R + and α g ∈ T * G. The action by left translations of G on its cotangent bundle induces a free and proper action on the copshere bundle given by
for all {α g } ∈ S * G and g ′ ∈ G. Since it is a proper action which preserves the contact structure, there is always a global section σ such that the action will preserve the associated contact form θ σ . Then, this action admits an equivariant momentum map defined by
where {α g } ∈ S * G and ξ ∈ g. That is, J sL (α g ) = f σ (α g )α g , for any {α g } ∈ S * G. Here we have briefly recalled the construction and some of the properties of the cosphere bundle of a Lie group. For more details the interesting reader is referred to [9] , [11] , and [30] . 
is a diffeomorphism. Define the following one form on Diag S
and any tangent vector
As we will see in the proof of the following Theorem, the diagonal manifold Diag Proof. First note that since the K µ and R + -actions commute we have the equality J −1
. Even more the maps,
It is obviously a diffeomorphism with inverse given by
for any g ∈ G and r ∈ R + . Denote by η R + µ the reduced contact form of (S
g rµ},ĝ)(T Ad * g rµ π R + µ (ad * ξ Ad * g rµ + r ′ Ad * g rµ,ξ G (ĝ)), for all ξ ∈ g and g ∈ G. Hence, η O R + µ is a contact form and Ψ the required contactomorphism.
Proof. First note that ξ ′ ∧ η ′ is K µ -invariant. For any g ∈ G and x ∈ M , ξ M (gx) = g * (ad g −1 ξ) M (x). Since the kernel group K µ is compact, det(ad Even more det(ad g −1 | g ) = det(ad g −1 | gµ ) det(ad g −1 | m ) and since G µ and G are compact, it follows that det(ad g −1 | m ) = 1. By an argument similar to the one above we obtain that the multi vector ξ ′ ∧ η ′ is K µ -invariant. The action of K µ being by isometries it is clear that the point wise norm of ξ ′ ∧ η ′ is also K µ -invariant. Recall from Theorem 2.2 that we have the following orthogonal decomposition:
V x is the vertical space at x of the Riemannian submersion π R + µ : J −1 (R + µ) → M R + µ and it is generated by {ξ iM (x)} i=1,k . The horizontal space at x is H x and m M (x) is invariant with respect to the complex structure C. Let V and M be the distributions defined by {V x ⊕C(V x )} x∈J −1 (R + µ) and {m M (x)} x∈J −1 (R + µ) . Consider the following decompositions ¿From (6.4), (6.7), (6.9), and (6.8), the conclusion of the theorem follows. Proof. It is just a matter of definitions.
